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CANONICAL KA¨HLER METRICS ON CLASSES OF
LORENTZIAN 4-MANIFOLDS
AMIR BABAK AAZAMI AND GIDEON MASCHLER
Abstract. Conditions for the existence of Ka¨hler-Einstein metrics and
central Ka¨hler metrics [M] along with some examples are given on classes
of Lorentzian 4-manifolds with two distinguished vector fields. The results
utilize the general construction [AM] of Ka¨hler metrics on such manifolds.
For one class of examples, completeness is analyzed from the perspective of
a well-known ansatz to which the Ka¨hler-Einstein metrics belong.
1. Introduction
In [AM], the authors introduced a construction scheme associating a family of
Ka¨hler metrics to an oriented Lorentzian (or even semi-Riemannian) 4-manifold
equipped with data tied to two distinguished vector fields. Many examples were
given. Included among the Lorentzian metrics to which the construction applies
are certain warped products such as de Sitter spacetime, gravitational plane
waves, some Petrov type D metrics such as the Kerr metric, metrics which yield
the class of Ka¨hler metrics known as SKR metrics (see [DM]), and a certain
solvable Lie group. The Ka¨hler metrics induced by this construction may, in
general, be given only in subregions of the original 4-manifold, but in many
cases they are, in fact, everywhere defined.
Our purpose in this paper is to study cases where this construction leads
to curvature-distinguished Ka¨hler metrics. In [AM] one such case was noted,
namely when the Ka¨hler metric within the SKR class is the extremal Ka¨hler
metric conformal to Page’s Einstein metric [P]. Curvature computations in
[AM] that were relevant to that case were given in part with respect to coor-
dinates. Additionally, the SKR class is perhaps fairly unusual in that neither
of the distinguished vector fields is null, so the Lorentzian starting-point of the
construction is given, perhaps, in a less common form. In the current work one
of these vector fields is null, and the methods do not rely on coordinates.
Our results are as follows. We exhibit classes of
• Ka¨hler-Einstein metrics arising from the construction, when the
Lorentzian metrics are nontrivial warped products of the real line with
a 3-dimensional fiber satisfying certain conditions. Theorem 2 shows
that these metrics arise precisely when both a particular generalized
PDE holds on the fiber and an additional ODE is satisfied. The de-
pendent variable for the PDE is the so-called twist function, which is a
metric invariant of one of the distinguished vector fields. The ODE, in
turn, relates the warping function, a “parameter function” appearing
2in the definition of the Ka¨hler metric, and the Einstein constant. Some
solutions to this sytem are described, including a case where conditions
for completeness of the Ka¨hler-Einstein metric are given.
• Central Ka¨hler metrics [M], meaning metrics for which the determi-
nant of the Ricci endomorphism is constant, and in fact, in the present
case, vanishes (see Theorem 1). These are induced by certain Lorentzian
metrics admitting either a Killing field or a vector field with a geodesic
flow. The main examples are certain Lorentzian products of a real line
with a 3-manifold, and gravitational plane waves. We also show that
these central Ka¨hler metrics are conformal to a metric of constant scalar
curvature precisely when a generalized PDE again holds for the twist
function. In the special case where the twist function is constant, this
conformally related metric is locally isometric to a left-invariant metric
on a certain Lie group.
The Ka¨hler-Einstein metrics that arise in Theorem 2 belong to a well-known
class produced by a classical ansatz that has seen many more recent general-
izations (see for example [DW1], [DW2], [W], [ACG]). Thus the main utility
of the theorem lies in elucidating the relation of these metrics to the warped
Lorentzian geometry. Additionally, the method of proof seems to be sufficiently
general to have other applications, possibly to new classes of distinguished
Ka¨hler metrics.
A general principle underlying the derivation of both theorems can be de-
scribed via the following notion, which can be viewed as a generalization of
the notion of a metric-symmetry via frames. Call a semi-Riemannian mani-
fold k-dependent if there exists local frames near each point such that for each
frame, there are k functionally independent real-valued functions on the frame
domain, called henceforth the k-set, whose frame directional derivatives are
functionally dependent on the k-set, and so are the metric values on the frame
vector fields and the coefficients in the expansion via the frame fields of all Lie
brackets of pairs of frame fields. If the last two types of quantities are constant
the semi-Riemannian manifold is 0-dependent.
This concept of k-dependency is clearly sensible when k is smaller than the
dimension of the manifold. Two important examples are as follows. In the 0-
dependent case the metric is locally isometric to a left-invariant metric on some
Lie group. The second example is given by a coordinate frame in which p of the
coordinates vector fields are Killing, which gives rise to (n− p)-dependency on
the coordinate domain, where n is the manifold dimension. Here the frame is
the coordinate frame and the (n−p)-set consists of coordinate functions whose
coordinate vector fields are not Killing. More generally, one can take instead of
an abelian Lie algebra of Killing fields, any Lie algebra of Killing fields acting
freely.
In the general k-dependent case, the Koszul formula shows that the connec-
tion, curvature and Ricci curvature components on the given frame fields also
depend functionally on the k-set. Thus any natural curvature condition, such
as the Einstein condition, is equivalent locally to a generalized PDE system
3in which the k-set functions serve as the independent variables. The above-
mentioned metric values and Lie bracket coefficients on the frame serve as the
unknowns, and the differentiation operators are directional derivatives in the
frame directions. They may be considered as giving rise to standard PDEs
with partial derivatives taken with respect to the independent variables if the
(frame) directional derivatives of the k-set functions are part of the known data.
Theorem 2 provides a very clean example of this approach. In the geometric
scenario considered there, the resulting system is a pair, consisting of an ODE
in two dependent variables, and a generalized PDE in the above sense. In Theo-
rem 1 we have, strictly speaking, slightly weaker conditions then k-dependency
requires, but they effectively yield the same conclusions as 1-dependency in
case the above mentioned twist function is constant. For the more general
twist functions considered there, the metric dependency level is determined
by the additional dependency of the twist function. We give examples where
the latter is a function of two variables, so that the metric becomes effectively
3-dependent. But note that for the problem of finding the central metric we
do not explicitly write the relevant PDE system, as we effectively guess the
solution. As mentioned earlier, a PDE only appears for the related problem
of showing that the central metric is conformal to a metric of constant scalar
curvature.
To provide more detail on our specific cases, note that the possibility of
carrying out the underlying construction of the Ka¨hler metrics already depends
on certain constraints on the Lie brackets of the distinguished vector fields, and
on metric values on them. Strengthening those, and adding another set of such
constraints, especially for the Lie brackets (see e.g. (6) and the relations in
Section 4.1 stemming from (20)), serves to establish the appropriate (possibly
only effective) k-dependency in each of the theorems. It is clear that there are
many different such choices that could be made instead, potentially yielding
related results.
Another characteristic of our work is that we compute the Ricci form directly,
avoiding the curvature tensor, as is possible in Ka¨hler geometry.
Section 2 recalls the construction in [AM]. In Section 3 we give the result
related to central metrics, and in Section 4 the one concerning Ka¨hler-Einstein
metrics.
2. Background on the construction of Ka¨hler metrics in [AM]
Let (M,g) be an oriented semi-Riemannian 4-manifold with two vector fields
k, t such that
k, t are everywhere linearly independent,
H := V⊥ := span(k, t)⊥ is spacelike.
(1)
Here span(k, t) denotes the distribution spanned pointwise by these vector
fields, ⊥ denotes the orthogonal complement, and the spacelike requirement
means that the restriction g|H of g to H is positive definite. Assume that
[k,Γ(H)] ⊂ Γ(H), [t,Γ(H)] ⊂ Γ(H) (2)
4and
J∇ok = ∇ot (3)
where J = Jg,k,t is the almost complex structure taking k to t and making g|H
hermitian and compatible with the orientation, while∇oX is the shear operator
of a vector field X: the trace-free symmetric part of π ◦ ∇X
∣∣
H
: H → H, for
the orthogonal projection π : TM →H. If ∇oX = 0 we say X is shear-free.
Assumptions (1) are necessary for J to be well-defined. In turn, by Theo-
rem 1 of [AM], assumptions (2) and (3) guarantee that J is integrable.
Further assumptions are needed for the existence of a class of Ka¨hler metrics
on certain regions in M . These are
t = ℓ∇τ , for C∞ functions τ , ℓ,
∇(g(k, t)) ∈ Γ(V), ∇(g(k,k)) ∈ Γ(V).
(4)
By Theorem 3 of [AM], conditions (1), (2), (3) and (4) guarantee the existence
of Ka¨hler metrics of the form
gK = −d(f(τ)k
♭)(J ·, ·) (5)
on any region satisfying
fι < 0, f ′ det(g|V )/ℓ− fdk
♭(k, t) < 0,
where the notation is as follows. f is a smooth real-valued function on a subset
of R, k♭ denotes the 1-form g-dual to k, and the prime denotes differentiation
with respect to f ’s variable. Next, det(g|V ) = G := g(k,k)g(t, t) − g(k, t)
2.
Finally, ı := g(k, [x ,y ]) is the twist function of k, for any (local) oriented
orthonormal frame x , y of H. Here by an oriented frame, we mean one aligned
with the orientation induced on H by the orientations of M and V, the latter
determined by the ordered pair k, t. Within a given common domain for a
class of such frames, the twist function is independent of the choice of frame.
In the following sections we will often be strengthening assumptions (4) and
adding some additional Lie bracket related assumptions to (2).
We end with a bit of terminology. The quadruple (M,g,k, t) as above,
satisfying (1), (2), (3), (4) is called admissible, and so is g itself. The Ka¨hler
metric gK will be said to be induced by the admissible structure or metric. We
also use the terminology for vector fields used in [AM]: k is called geodesic if
∇kk = 0, strictly pre-geodesic if ∇kk = αk, α 6= 0, and of course Killing if
Lkg = 0, where L is the Lie derivative.
3. Central Ka¨hler metrics and admissible manifolds
Aside from the requirements on admissible manifolds described in Section 2,
we will need additional Lie bracket requirements that will simplify our calcu-
lations.
Specifically, we require the existence, in a neighborhood of each point of M ,
of an oriented orthonormal frame x , y for H satisfying
[k,x ] = αy , [t,x ] = βy , for constants α, β,
[k,y ] ∈ Γ(y⊥), [t,y ] ∈ Γ(y⊥), [x ,y ] ∈ Γ(V).
(6)
5Examples of admissible manifolds satisfying (6) will be given at the end of this
section.
Note that, as mentioned in the introduction, the second row of (6) repre-
sents relations that are somewhat weaker than the requirements needed for k-
dependency. This will turn out not to cause any difficulty because the Koszul
formula involves not Lie brackets per se, but specific metric values on a Lie
bracket and another vector field.
In the following, we denote by dX the derivative of a function in the direction
of a vector field X. To state our first result, recall that the central curvature of
a metric [M] is the determinant of its Ricci endomorphism, and if it is constant
for a Ka¨hler metric, the metric is also called central.
Theorem 1. Let (M,g) be an admissible 4-manifold with k a geodesic vector
field or a Killing field. Assume additionally that k, t commute, are shear-free
and satisfy conditions (6) for some system of local oriented orthonormal frames
x , y of H. Suppose k is null, t = ∇τ is gradient, g(k, t) = a, g(t, t) = b are
constants and ∇ι ∈ Γ(H), where ι is the twist function of k. Then, wherever
defined, the Ka¨hler metric
gK = −d(e
τ
k
♭)(J ·, ·)
is central, with vanishing central curvature. Moreover, the conformally related
metric g˜ = e−τgK is CSC precisely when ι satisfies the generalized PDE
(dxdx + dydy )(log |ι|) = cι (7)
for some constant c. If ι is actually constant, g˜ is also locally isometric to a
left-invariant metric on a Lie group.
In more detail, for the Ricci endomorphism of gK at each point p, the nonzero
tangent vectors in Vp are eigenvectors for the eigenvalue zero. Whereas for
constant ι,Hp is contained in an eigenspace for an eigenvalue which is a constant
multiple q of e−τ , so that the scalar curvature of gK is 2qe
−τ . Thus gK is either
Ricci flat (in fact flat) or has semidefinite Ricci curvature whose sign is that of
q. Finally, if ι is constant, the Levi-Civita connection of gK is also left invariant.
For general studies of invariant Ka¨hler metric on 4-dimensional Lie groups see
[O].
The proof will be given in the next three subsections, followed by a subsection
describing examples.
3.1. The connection. Working with a general induced Ka¨hler metric gK of
the form (5) in its domain, recall its properties [AM, Lemma 4.4]:
gK(H,V) = 0, gK(k, t) = 0, gK |H = −fιg|H, (8)
and note that as k is geodesic or Killing with k-null (see formulas in Remark
4.2 and its last paragraph in [AM])
gK(k,k) = gK(t, t) = −f
′G/ℓ = a2f ′.
We remark that a 6= 0, as g
∣∣
V
is non-degenerate at each point for an admissible
metric.
6In the following we calculate in the frame k, t, x , y , with the last two vector
fields defined locally and satisfying (6).
Since ∇τ lies in V, dkτ = a and dtτ = b, we clearly have
dx (gK(k,k)) = dy (gK(t, t)) = 0, dk(gK(k,k)) = a
3f ′′, dt(gK(k,k)) = a
2bf ′′.
By the above properties of gK , our frame gK-orthogonal, so that
∇Ka b =
gK(∇
K
a b,x )
gK(x ,x )
x +
gK(∇
K
a b,y)
gK(y ,y)
y +
gK(∇
K
a b,k)
gK(k,k)
k +
gK(∇
K
a b, t)
gK(t, t)
t. (9)
We apply this formula repeatedly in the following lemmas, using the Koszul
formula
2gK(∇ab, c) = da(gK(b, c)) + db(gK(a, c)) − dc(gK(a, b))
− gK(a, [b, c]) − gK(b, [a, c]) + gK(c, [a, b])
to compute the numerators in it. For example, the above properties, (2) and
[k, t] = 0 are used in the Koszul formula to give:
Lemma 3.1.
∇Kkk = −∇
K
t t =
f ′′
2f ′
(ak − bt), ∇Kk t = ∇
K
t k =
f ′′
2f ′
(bk + at).
To obtain the next covariant derivative formulas we will be using conditions
(6). In fact it is sufficient that the first two of these conditions be weakened to
[k,x ] ∈ x⊥, [t,x ] ∈ x⊥.
Additionally, we will need
gK([k,x ],y) + gK([k,y ],x ) = 0, (10)
along with the same relation with k replaced by t. These follow from the shear-
freeness of k, t. In fact, recall from Section 2.2 of [AM] that the representation
of the shear operator with respect to the frame x , y is given by two shear
coefficients, one of which is given, for the vector field k, by a constant multiple
of g([k,x ],y) + g([k,y ],x ). Now formula (26) in [AM] shows that the shear
operators with respect to g and gK coincide. The left hand side of (10) is
not a constant multiple of a gK-shear coefficient of k since x , y are not gK-
orthonormal. But as they are gK-orthogonal, one easily sees that (10) is a
multiple by a function of a gK-shear coefficient of k, hence it also vanishes.
Putting these relations and (6) in the Koszul formula we arrive at
∇K
x
k =
dkgK(x ,x )
2gK(x ,x )
x −
ιK
2gK(y ,y)
y , ∇K
y
k =
ιK
2gK(x ,x )
x +
dkgK(y ,y)
2gK(y ,y)
y ,
∇K
x
t =
dtgK(x ,x )
2gK(x ,x )
x −
ιt
K
2gK(y ,y)
y , ∇K
y
t =
ιt
K
2gK(x ,x )
x +
dtgK(y ,y)
2gK(y ,y)
y ,
(11)
where we used the notations ιK := gK(k, [x ,y ]), ι
t
K
:= gK(t, [x ,y ]), even though
these quantities are again not quite the gK-twists of k, t.
We now compute the numerators in the above expressions. From the third
relation in (8), and the condition that the twist of k has a horizontal gradient,
7we see that give
dkgK(x ,x ) = dkgK(y ,y) = −dk(fι) = −ιaf
′,
dtgK(x ,x ) = dtgK(y ,y) = −dt(fι) = −ιbf
′.
To compute ιK , ι
t
K
, we note that given the frame decomposition [x ,y ] =
rk + st + . . . for some coefficients r, s, we have the g-related twist functions
of k, t given by ι = sa, ιt = ar + bs = 0, as follows because of the values of
g’s components on k, t and since t is gradient, hence twist-free. On the other
hand this decomposition and gK ’s values on these vector fields give ιK = ra
2f ′
and ιt
K
= sa2f ′. Replacing sa by ι (twice), and ra by −sb, we have
ιK = −ιbf
′ ιK = ιaf
′.
Substituting the above expressions in the numerators of (11), and the denomi-
nators using the third relation in (8), we finally get
Lemma 3.2.
∇K
x
k =
f ′
2f
(ax − by), ∇K
y
k =
f ′
2f
(bx + ay),
∇K
x
t =
f ′
2f
(bx + ay), ∇K
y
t =
f ′
2f
(−ax + by).
When applying the above formulas for ιK , ι
t
K
together with (6), the shear-
freeness conditions (10) (for t as well) and the fact that τ has a vertical gradient
one arrives similarly at
Lemma 3.3.
∇K
x
y =
1
2ι
(dy ιx + dx ιy) +
ι
2a2
(−bk + at) ,
∇K
y
x =
1
2ι
(dy ιx + dx ιy)−
ι
2a2
(−bk + at) ,
∇K
x
x =
1
2ι
(dx ιx − dy ιy) +
ι
2a2
(ak + bt) ,
∇K
y
y =
1
2ι
(−dx ιx + dy ιy) +
ι
2a2
(ak + bt) .
Finally, we note
Lemma 3.4.
∇Kk x = ∇
K
x
k + αy , ∇Kt x = ∇
K
x
t+ βy ,
∇Kk y = ∇
K
y
k − αx , ∇Kt y = ∇
K
y
t− βx .
The first line of this lemma follows from the fact that ∇K is torsion-free and
from the first line of (6). The lemma’s second line follows similarly, because
(6), (2) and the shear-freeness of k and t (expressed via its shear coefficients)
imply
[k,y ] = −αx , [t,y ] = −βx .
We combine the information in the last four lemmas as follows. Consider
(TM, J) as a complex bundle and set w1 := k − it, w2 := x − iy . We use
8the same notation ∇K for the complexified connection obtained by extending
linearly the Levi-Civita connection ∇K of gK , so that it differentiates complex
vectors fields such as the wi’s along real directions, for example in the directions
of our standard (non-complex) frame vector fields. Then, using the summation
convention, we write
∇Kwi = Γ
j
i ⊗ wj , (12)
where the Γji are complex-valued 1-forms, whose expression we can compute by
applying the above 4 lemmas. Specifically, Γji = Γ
j
i (x )xˆ + Γ
j
i (y)yˆ + Γ
j
i (k)kˆ +
Γji (t)tˆ, where the hatted quantities constitute the dual coframe to our frame,
so that, for example, xˆ is 1 on x and zero on the other frame fields. The
coefficients in this expansion are calculated by substituting in (12) the frame
vector fields and then using the expressions in Lemmas 3.1, 3.2, 3.3 and 3.4.
The final result of these calculations is given by
Γ11 =
f ′′
2f ′
(a− ib)kˆ +
f ′′
2f ′
(b+ ia)tˆ,
Γ21 =
f ′
2f
(a− ib)xˆ +
f ′
2f
(b+ ia)yˆ ,
Γ12 =
ι
2a2
(a+ ib)xˆ +
ι
2a2
(b− ia)yˆ ,
Γ22 =
1
2ι
(dx ι− idy ι)xˆ +
1
2ι
(dy ι+ idx ι)yˆ
+
[
f ′
2f
(a− ib) + αi
]
kˆ +
[
f ′
2f
(b+ ia) + βi
]
tˆ.
(13)
3.2. The Ricci curvature. According to Lemma 4.2 of [DM], the Ricci form
of gK is given by
ρK = i(dΓ
1
1 + dΓ
2
2). (14)
We now wish to evaluate it on our frame vector fields. From now on we fix
f(τ) = eτ .
Due to the formula
dξ(u, v) = du(ξ(v)) − dv(ξ(u)) − ξ([u, v]), (15)
applied to the frame vector fields and the coframe 1-forms, we see that dkˆ, dtˆ,
dxˆ , dyˆ vanish on vector fields in V, since the coframe 1-forms have constant
values on the frame fields while k, t commute. As xˆ , yˆ actually vanish on k,
t, it follows that dΓ11, dΓ
2
2 and therefore ρK vanish on k, t.
We now show the the Ricci form vanishes for a pair of frame fields, one in
V and the other in H. The argument is entirely analogous to the above except
for the terms of Γ22 involving xˆ and yˆ . To see what happens in those, consider
for example the case where the frame fields are k and x . The first relation in
(6), the values of the coframe on the frame and the fact that ∇ι lies in H, so
dkι = 0, mean that there are only two non-vanishing terms in dΓ
2
2. The first
is d[(1/(2ι))(dx ι− idy ι)](k)xˆ (x ) = (1/(2ι))(dkdx ι− idkdy ι) = (1/(2ι))(αdy ι+
iαdx ι), where the last equality uses the first line of (6) and the vanishing of dkι.
The second non-vanishing term is (1/(2ι))(dy ι+idx ι)dyˆ(k,x ) = (1/(2ι))(dy ι+
9idx ι)(−yˆ([k,x ]) = (1/(2ι))(dy ι+ idx ι)(−α), using (6). We thus see that these
two terms cancel each other, proving the claim for k and x . For other pairs,
such that one vector field is in V and the other is in H, the proof is similar.
Thus the Ricci tensor of gK has a zero eigenvalue, with eigenvectors which
include the nonzero tangent vectors of V at a given point. Hence gK is central.
To compute the other eigenvalue, note that by Lemma 3.3
[x ,y ] =
ι
a2
(−bk + at), (16)
because [x ,y ] = ∇K
x
y − ∇K
y
x . This and (15) give dkˆ(x ,y) = −kˆ([x ,y ]) =
−kˆ((ι/a2)(−bk+at)) = bι/a2, and similarly dtˆ(x ,y) = −ι/a. We thus compute
via (14)
ρK(x ,y) =
1
2
i(bι/a2)(a− ib) +
1
2
i(−aι/a2)(b+ ia)
+
1
2
i(bι/a2)(a− ib) +
1
2
i(−aι/a2)(b+ ia) + i2αbι/a2 − i2βaι/a2
− id
[
1
2ι
(dx ι− idy ι)
]
(y) + id
[
1
2ι
(dy ι+ idx ι)
]
(x )
=
ι
a2
(a2 + b2) + ι
−bα+ aβ
a2
−
i
2
(
−
dy ι
ι2
(dx ι− idy ι) +
1
ι
(dydx ι− idydy ι)
)
+
i
2
(
−
dx ι
ι2
(dy ι+ idx ι) +
1
ι
(dxdy ι+ idxdx ι)
)
= ι
a2 + b2 − bα+ aβ
a2
+
1
2ι2
((dx ι)
2 + (dy ι)
2)−
1
2ι
(dxdx ι+ dydy ι)
= ι
a2 + b2 − bα+ aβ
a2
−
1
2
(dxdx + dydy )(log |ι|),
where in the next to last step we used the fact that dydx ι− dxdy ι = 0, which
follows from the above formula for [x ,y ] and the assumption that ∇ι has a
horizontal gradient.
Assume now that ι is constant. Then the above calculation shows that the
Ricci curvature of gK has a constant value on the pair x , x or on y , y . If
this constant Ricci value is denoted ℓ, by the third relation in (8) −ℓ/(ιeτ ) is
an eigenvalue of the Ricci tensor with eigenspace containing H. The constant
q appearing in the paragraph after the statement of Theorem 1 is thus q =
−ℓ/ι = −(a2 + b2 − bα+ aβ)/a2.
Finally, note that if ι is constant, the covariant derivatives have constant
coefficients in the frame k, t,x ,y . By the fact that k, t commute, (6) (including
the precise bracket values for the second line) and (16), the Lie brackets on this
frame generate a Lie algebra. Hence the Levi-Civita connection is locally a
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left-invariant torsion-free connection for any Lie group whose tangent space at
the identity is this Lie algebra.
Remark 3.5. One can check that the gK-curvature tensor values on our frame
fields all vanish except on x , y , so that gK is Ricci-flat if and only if it is flat.
3.3. The conformally related metric. We now turn to the conformally re-
lated metric g˜ = e−τgK . From general conformal change formulas, its scalar
curvature is
s˜ = sKu
2 + 6u∆Ku− 12gK(∇
Ku,∇Ku), for u = eτ/2, (17)
where sK is the scalar curvature of gK , ∆
K the gK-Laplacian and ∇
Ku the
gK-gradient of u.
We now demonstrate that all three summands in this formula are constant,
beginning with the case where ι is constant.
First, sKu
2 = 2qe−τeτ = 2q is constant. Next, ∇Ku = g−1K (du, ·) =
(eτ/2/2)g−1K (dτ, ·) = (e
τ/2/2)g−1K (akˆ + btˆ, ·) = (e
τ/2/(2gK(k,k))(ak + bt), so
that by our formulas for gK(k,k) = gK(t, t) we see that gK(∇
Ku,∇Ku) =
eτ (a2 + b2)a2eτ/(4a4e2τ ) = (a2 + b2)/(4a2) is also constant.
Finally, let {ei} be the gK-orthonormal frame obtained from our standard
frame. We wish to apply the Laplacian formula
∆Kτ =
∑
i
(d2eiτ − dτ(∇
K
eiei)).
In each summand, the first term contributes only for e1 = k/|k| and e2 =
t/|t| (with | · | denoting the gK-norm), as dx τ = dyτ = 0. The first of these
contributions is dk/|k|dk/|k|τ = a|k|
−1(−|k|−2dk|k|) = −a|k|
−3(a3eτ/(2|k|) =
−e−τ/2. The second gives similarly dt/|t|dt/|t|τ = −(b
2/(2a2))e−τ .
Next, we compute, using Lemma 3.1
∇K
k/|k|(k/|k|) = |k|
−1[dk(|k|
−1)k + |k|−1∇K
k
k]
= |k|−1[−|k|−2dk|k|]k + (|k|
−2/2)(ak − bt)
= −|k|−3a3eτ (2|k|)−1k + (|k|−2/2)(ak − bt)
= −(e−τ/(2a))k + (a−2e−τ/2)(ak − bt).
Similarly, one computes via Lemmas 3.1 and 3.3
∇K
t/|t|(t/|t|) = −(be
−τ/(2a2))t − (a−2e−τ/2)(ak − bt),
∇K
x/|x |(x/|x |) = ∇
K
y/|y |(y/|y |) = −(e
−τ/2)(
1
a
k +
b
a2
t).
Thus
∆Kτ = e−τ (−1/2− b2/(2a2))
− e−τ [−1/2 + 1/2 − b2/(2a2)− b2/(2a2)− 1/2 + b2/(2a2)− 1− b2/a2]
= −e−τ [−1− b2/a2] := −e−τv
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Now ∇Kdu = (eτ/2/2)∇Kdτ + (eτ/2/4)dτ ⊗ dτ , so
∆Ku = (eτ/2/2)∆Kτ + (eτ/2/4)
∑
i
(dτ(ei))
2
= (eτ/2/2)(−e−τ v) + (eτ/2/4)[a2/(a2eτ ) + b2/(a2eτ )]
:= e−τ/2p,
where p is a constant. Thus 6u∆Ku = 6eτ/2e−τ/2p = 6p is constant, hence so
is the scalar curvature of g˜. Putting this all together, the value of this scalar
curvature is
s˜ = 2q − 12(a2 + b2)/(4a2) + 6p
= −2(a2 + b2 − bα+ aβ)/a2 − 3(a2 + b2)/a2
+ 6(a2 + b2)/(2a2) + 6(a2 + b2)/(4a2)
= −
a2 + b2
2a2
+ 2
bα− aβ
a2
.
Since g˜ has constant values on our frame when ι is constant, which, recall,
gives rise to a Lie algebra, it is locally isometric to a left invariant metric with
respect to a corresponding Lie group.
Finally we turn to the computation of s˜ when ι is nonconstant. The third
term on the right hand side of (17) yields the same constant as before, by the
same argument. So does the second term there, since the additional terms in
the computation of ∇K
x/|x |(x/|x |) and ∇
K
y/|y |(y/|y |) are function combinations
of x and y , which vanish upon evaluation by dτ .
This leaves the first term in (17). Now sK = 2ρK(x ,y)/gK(x ,x ) =
2ρK(x ,y)/(−e
τ ι). From the formula for ρK(x ,y) given in the previous section
we see that sKu
2, and hence g˜, will be constant exactly when the PDE (7)
holds for ι and some constant c.
This completes the proof of Theorem 1.
3.4. Examples. We give two examples of this theorem with constant twist
function ι, and another family with non-constant twist. Many features of these
are described in Sections 9 and 10 of [AM]. The first example gives a trivial
Ka¨hler metric but serves to check our formulas.
• S3 × R Let g be a Lorentzian product of the canonical Riemannian
metrics on the 3-sphere and the real line, the latter equipped with
coordinate τ . The 3-sphere possesses an orthonormal frame k¯, x , y
whose Lie brackets are given by cyclic permutations of the relation
[k¯,x ] = −2y . On our 4-manifold we choose our frame so that x , y
are the lifts of the corresponding vector fields on the 3-sphere, t = ∂τ
and k = k¯ − t. With these choices g is admissible with k geodesic, k,
t commute and are shear-free, conditions (6) hold with α = −2 and
β = 0, k is null, t is the gradient of τ , a = −b = 1 and the twist
function ι is −2. By [AM, Theorem 5], the associated Ka¨hler metric of
Theorem 1 is defined on the entire 4-manifold, and the latter theorem
shows it is central and conformal to a (locally left invariant) constant
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scalar curvature metric. However the constant defined when discussing
ρK(x ,y) is q = (a
2+b2−bα+aβ)/a2 = 0, so that our metric is Ricci flat.
Computation of the sectional curvature from our covariant derivative
formulas show that the gK is in fact flat.
• Gravitational plane wave This is a metric on R4 given by g = −(x2+
y2)du ⊗ du + du ⊗ dv + dv ⊗ du + dx ⊗ dx + dy ⊗ dy. The frame is
k = −∂u − y∂x + x∂y, t = ∂v, x = −y∂v + ∂x, y = x∂v + ∂y. Then g is
admissible with k geodesic (see [AM, Proposition 10.1] and its proof)
and in fact also Killing, k, t commute and are shear-free, conditions (6)
hold with α = −1, β = 0, k is null, t = ∇u, a = −1, b = 0, and ι = −2.
The central Ka¨hler metric gK in this case is defined on all of R
4 and
satisfies RicK(x ,x ) = ι = −2. Since ι is constant the metric g˜ = e
−ugK
is both CSC and locally left-invariant.
• Truncated pp-wave This family of metrics g is defined as the
Lorentzian product of the standard metric on the real line, equipped
with coordinate τ , and a metric g¯ on R3 defined as follows. Let
h = H(u, x, y)du ⊗ du + du ⊗ dv + dv ⊗ du + dx ⊗ dx + dy ⊗ dy be
a pp-wave metric on R4 defined via some smooth function H. Let
x = k(u, x, y)∂v + ∂x, y = h(u, x, y)∂v + ∂y, k¯ = ∂v for two smooth
functions k, h to be determined below. Restrict these vector fields to
a fixed u = u0 hyperplane Su0 and define g¯ by giving an orthonormal
coframe for it. Specifically, require x¯ ♭¯ (or y¯ ♭¯) to be the restriction of
h(x , ·) (or h(y , ·)) to Su0 , and k¯
♭¯
a similar restriction of −h(z , ·), where
z = 12 (H + k
2 + h2)∂v − ∂u + k∂x + h∂y. Our frame for the product
metric then consists of t = −∂τ , k = k¯ − t, x , y .
Such a metric g = gH,k,h is admissible with k a geodesic vector field
([AM, Proposition 9.3 and Theorem 5]). The vector fields k, t commute
and are shear-free, (6) holds with α = β = 0, k is null, t = ∇τ , a = 1
and b = −1. The central Ka¨hler metric is defined on all of R4 if the
twist function of k, which is ι = hx − ky, is nowhere vanishing.
Now for the central Ka¨hler metric gK we have RicK(x ,x ) = 2ι −
(1/2)(dx dx + dydy )(log(|ι|). By an appropriate choice of k, h, one
could choose ι to be a (negative) constant as before, but there are other
possible choices that will guarantee g˜ = e−τgK is CSC.
For example, choose |ι| = ep(x,y) with p a harmonic function in the
xy-plane. Since dxdx + dydy acts as the classical plane Laplacian on
functions of x and y, we see that ι will be a solution of (7) with c = 0,
so the scalar curvature s˜ of g˜ will have the same value −1 that it would
have with the choice of constant ι.
Another possibility is to choose ι to be of the form sech2(z), where z
is affine in x and y (and c 6= 0). For some choice of the coefficients of z
one can guarantee, for example, s˜ = 0.
13
4. Ka¨hler-Einstein metrics associated to Lorentzian warped
products
In this section we assume M = N × R, where the real line is equipped
with a coordinate function τ and N is a 3-manifold. Furthermore, N admits a
Riemannian metric g¯ with
a unit length vector field k¯, which is geodesic,
shear-free, and has a nowhere vanishing twist function ι¯.
(18)
Here the shear operator and twist function are defined for a vector field on
a 3-manifold in complete analogy with the four dimensional case (see [AM,
subsection 2.4]). By Theorem 5 in [AM] and its proof, after choosing an appro-
priate orientation on M and a positive C∞ function w(τ) on R, the Lorentzian
warped product metric g = −dτ2 +w(τ)2g¯ is admissible, with J = Jg,k,t send-
ing the null vector field k = k¯/w+∂τ , which is geodesic or strictly pre-geodesic,
to the gradient field t = ∇τ = −∂τ . As such g gives rise to Ka¨hler metrics
of the form gK = −d(f(τ)k
♭)(J ·, ·), for smooth f defined on R, in any region
where the inequalities
fι < 0, f ′ + fw′/w > 0 (19)
hold, where ι is, as usual, the twist function of k, and the prime denotes d/dτ
(see (43) in [AM]). In [AM, Sec. 9] only the case f(τ) = eτ was considered
(except in subsection 9.5 there), but we will be looking at other such functions
in this section. Also, our interest will be in the case where w is nonconstant,
for which k is actually strictly pre-geodesic.
We assume N admits a system of local g¯-orthonormal frames of the form x¯ ,
y¯ for the g¯-orthogonal complement of k¯, such that for each one of them
ι¯ is negative,
[k¯, x¯ ] = αy¯ , [k¯, y¯ ] = −αx¯ , for a (frame independent) constant α,
[x¯ , y¯ ] is a multiple of k¯, hence necessarily ι¯k¯.
(20)
If ι¯ is constant, k¯, x¯ , y¯ form a 3-dimensional Lie algebra with respect to the Lie
bracket, and in principle one can consider others (cf. [SW] and the appendix
of [D]). The corresponding connected simply connected Lie group in that case
is S3 (if α 6= 0) or R3 (if α = 0). These 3-manifolds will be referred to in our
examples.
Even if ι¯ is not constant, we always have
d
k¯
ι¯ = 0.
This follows from the Newman-Penrose related equation d
k¯
ι¯ = −(δ¯k¯)ι¯, valid for
the unit length geodesic field k¯, since the divergence is just δ¯k¯ = g¯(∇x¯ k¯, x¯ ) +
g¯(∇y¯ k¯, y¯)+ g¯(∇k¯k¯, k¯) = g¯([x¯ , k¯], x¯ )+ g¯([y¯ , k¯], y¯) = 0 by (20). This calculation
also shows that in this case k¯ is in fact a Killing field.
We can now state our theorem.
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Theorem 2. Let g be an admissible warped product metric, constructed as
above from a warping function w(τ) and a Riemannian 3-manifold (N, g¯) sat-
isfying (18) and (20). Also let f(τ) be a real valued function on R and I ⊂ R
be given by the inequalities
f > 0, (fw)′ > 0. (21)
Then g and f(τ) induce an associated Ka¨hler-Einstein metric gK with Einstein
constant λ on N × I if and only if there exists a constant C such that(
d2
x¯
+ d2
y¯
)
log |ι¯| = −2λCι¯ holds on N (22)
and
(fw)′′
(fw)′
+ 2
w′
w
+
f ′
f
+
α
w
= −λ
(
C
w
+ f
)
holds on I. (23)
Inequalities (21) are just (19), as is clear from the relation ι = w−1ι¯, de-
veloped in [AM, subsection 9.1], and from positivity of w and negativity of
ι¯.
The proof will run similarly to that of Theorem 1, and we break it again into
subsections.
4.1. Basic relations and the connection. We first lift x¯ , y¯ to M , giving a
g-orthonormal basis x = x¯/w, y = y¯/w of H = span(k, t)⊥. Then we verify
1-dependency as in the introduction, with respect to the function τ . In fact,
[k,x ] = [k¯/w + ∂τ , x¯/w] = w
−2[k¯, x¯ ]− w−2w′x¯ = αw−1y − w−1w′x ,
as dx¯w
−1 = d
k¯
w−1 = 0 and [∂τ , x¯ ] = 0. Similarly
[k,y ] = −αw−1x − w−1w′y , [t,x ] = w−1w′x , [t,y ] = w−1w′y .
Finally
[x ,y ] = [x¯/w, y¯/w] = [x¯ , y¯ ]/w2 = ι¯k¯/w2 = ι¯w−1(k + t),
[k, t] = [k¯/w + ∂τ ,−∂τ ] = [∂τ , k¯/w] = −w
−2w′k¯ = −w−1w′(k + t).
Recall now from [AM, subsection 9.1] that g(k, t) = 1 while g(t, t) = −1.
The Ka¨hler metric values on our gK-orthogonal basis are
gK(x ,x ) = gK(y ,y) = −fι = −fw
−1ι¯,
gK(k,k) = gK(t, t) := c = −f
′G/ℓ+ fw−1w′g(k, t) = f ′ + fw−1w′ = (fw)′/w,
where for the last formula we have used [AM, Remark 4.2 and (34)].
We wish to employ (9) and the Koszul formula. We have, for example
2gK(∇
K
k
k,k) = dkgK(k,k) = c
′, 2gK(∇
K
k
k, t) = −dtgK(k,k) − 2gK(k, [k, t]) =
c′ + 2w−1w′c, 2gK(∇
K
k
k,x ) = 2gK(∇
K
k
k,y) = 0. This, along with the connec-
tion commuting with the complex structure, and the value of [k, t] yields the
four relations
∇K
k
k =
c′
2c
(k + t) + w−1w′t, ∇Kt t = −
c′
2c
(k + t)− w−1w′k,
∇K
k
t =
c′
2c
(t− k)− w−1w′k, ∇Kt k =
c′
2c
(t − k) + w−1w′t.
15
We note here that c′/c = (fw)′′/(fw)′ − w′/w.
Next, we record here that, as dtι¯ = 0 and dk ι¯ = w
−1d
k¯
ι¯− dtι¯ = 0, we have
dkgK(x ,x ) = dkgK(y ,y) = −dtgK(x ,x ) = −dtgK(y ,y )
= −(fι)′ = −f ′ι− f(w−1ι¯)′ = −f ′ι+ fw−2w′ ι¯.
Using notations of the previous section, we note that
ιK = ι
t
K
= ι¯w−1c = ι¯w−2(fw)′ = ι¯w−1f ′ + ι¯w−2w′f = f ′ι+ ι¯w−2w′f
We have 2gK(∇
K
x
k,x ) = dkgK(x ,x ) − 2gK(x , [k,x ]), 2gK(∇
K
x
k,y) = −ιK,
2gK(∇
K
x
k,k) = 0, 2gK(∇
K
x
k, t) = −gK(x , [k, t]) = 0, where for the second
equality we used the vanishing of the g-shear of k (see subsection 9.1 of [AM]),
to show the vanishing of a similar expression for gK as in the previous section.
Deducing from this also the expressions for ∇K
y
k, ∇K
x
t, ∇K
y
t, we have
∇K
x
k =
(
f ′
2f
+
w′
2w
)
(x + y), ∇K
y
k =
(
f ′
2f
+
w′
2w
)
(y − x ),
∇K
x
t =
(
f ′
2f
+
w′
2w
)
(y − x ), ∇K
y
t =
(
f ′
2f
+
w′
2w
)
(−x − y).
In the same mode we have, for example 2gK(∇
K
x
x ,k) = −dkgK(x ,x ) −
2gK(x , [x ,k]), 2gK(∇
K
x
x , t) = −dtgK(x ,x ) − 2gK(x , [x , t]), 2gK(∇
K
x
x ,x ) =
dxgK(x ,x ), 2gK(∇
K
x
x ,y) = −dygK(x ,x )− 2gK(x , [x ,y ]) = 0. Hence we com-
pute
∇K
x
x =
f ′ι+ fw−2w′ ι¯
2c
(k − t) +
dx ι¯
2ι¯
x −
dy ι¯
2ι¯
y ,
∇K
y
y =
f ′ι+ fw−2w′ι¯
2c
(k − t)−
dx ι¯
2ι¯
x +
dy ι¯
2ι¯
y .
∇K
x
y =
f ′ι+ ι¯w−2w′f
2c
(k + t) +
dy ι¯
2ι¯
x +
dx ι¯
2ι¯
y ,
∇K
y
x = −
f ′ι+ ι¯w−2w′f
2c
(k + t) +
dy ι¯
2ι¯
x +
dx ι¯
2ι¯
y ,
Finally, using formulas like ∇K
k
x = ∇K
x
k + [k,x ] we have
∇Kk x = ∇
K
x
k + αw−1y − w−1w′x , ∇Kky = ∇
K
y
k− αw−1x − w−1w′y ,
∇Kt x = ∇
K
x
t+ w−1w′x , ∇Kt y = ∇
K
y
t+w−1w′y .
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From these calculations we can write the complex-valued connection 1-forms
as in the previous section:
Γ11 =
(
c′
2c
(1 + i) + i
w′
w
)
kˆ +
(
c′
2c
(i− 1) + i
w′
w
)
tˆ,
Γ21 =
(
f ′
2f
+
w′
2w
)
((1 + i)xˆ + (i− 1)yˆ ),
Γ12 =
f ′ι+ fw−2w′ ι¯
2c
((1 − i)xˆ − (1 + i)yˆ),
Γ22 =
[(
f ′
2f
+
w′
2w
)
(1 + i) + i
α
w
−
w′
w
]
kˆ+
[(
f ′
2f
+
w′
2w
)
(i− 1) +
w′
w
]
tˆ
+
1
2
(dx log |ι¯| − idy log |ι¯|) xˆ +
1
2
(dy log |ι¯|+ idx log |ι¯|) yˆ .
4.2. The Ricci form. Since the coefficients of Γji are functions of τ , the Ricci
form is
ρK = i(dΓ
1
1 + dΓ
2
2)
= i
(
c′
2c
(1 + i) + i
w′
w
)
dkˆ + i
(
c′
2c
(i− 1) + i
w′
w
)
dtˆ
+ i
[(
f ′
2f
+
w′
2w
)
(1 + i) + i
α
w
−
w′
w
]
dkˆ
+ i
[(
f ′
2f
+
w′
2w
)
(i− 1) +
w′
w
]
dtˆ
+ i
(
c′
2c
(1 + i) + i
w′
w
)′
dτ ∧ kˆ + i
(
c′
2c
(i− 1) + i
w′
w
)′
dτ ∧ tˆ
+ i
[(
f ′
2f
+
w′
2w
)
(1 + i) + i
α
w
−
w′
w
]′
dτ ∧ kˆ
+ i
[(
f ′
2f
+
w′
2w
)
(i− 1) +
w′
w
]′
dτ ∧ tˆ
+
i
2
(dx log |ι¯| − idy log |ι¯|) dxˆ +
i
2
(dy log |ι¯|+ idx log |ι¯|) dyˆ
+
i
2
d (dx log |ι¯| − idy log |ι¯|) ∧ xˆ +
i
2
d (dy log |ι¯|+ idx log |ι¯|) ∧ yˆ .
(24)
To proceed further, we compute
dkˆ(k, t) = −kˆ([k, t]) = −kˆ(−w−1w′(k + t)) = w−1w′, dtˆ(k, t) = w−1w′,
dkˆ(x ,y) = −kˆ([x ,y ]) = −kˆ(ι¯w−1(k + t)) = −ι¯w−1, dtˆ(x ,y) = −ι¯w−1,
(dτ ∧ kˆ)(k, t) = 1, (dτ ∧ tˆ)(k, t) = 1, (dτ ∧ kˆ)(x ,y) = 0, (dτ ∧ tˆ)(x ,y) = 0,
dxˆ (k, t) = −xˆ ([k, t]) = 0, dyˆ(k, t) = 0, dxˆ (x ,y) = 0, dyˆ(x ,y) = 0.
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Thus
ρK(k, t) = i
(
c′
2c
(1 + i) + i
w′
w
)
w′
w
+ i
(
c′
2c
(i− 1) + i
w′
w
)
w′
w
+ i
[(
f ′
2f
+
w′
2w
)
(1 + i) + i
α
w
−
w′
w
]
w′
w
+ i
[(
f ′
2f
+
w′
2w
)
(i− 1) +
w′
w
]
w′
w
+ i
(
c′
2c
(1 + i) + i
w′
w
)′
+ i
(
c′
2c
(i− 1) + i
w′
w
)′
+ i
[(
f ′
2f
+
w′
2w
)
(1 + i) + i
α
w
−
w′
w
]′
+ i
[(
f ′
2f
+
w′
2w
)
(i− 1) +
w′
w
]′
so that
ρK(k, t) =
[
c′
2c
i2i+ 2i2
w′
w
+
(
f ′
2f
+
w′
2w
)
i2i+ i2
α
w
]
w′
w
+
(
c′
2c
)′
i2i+ 2i2
(
w′
w
)′
+
(
f ′
2f
+
w′
2w
)′
i2i+ i2
(α
w
)′
=
1
w
[[
−
c′
c
− 2
w′
w
−
(
f ′
f
+
w′
w
)
−
α
w
]
w
]′
=
1
w
[[
−
(fw)′′
(fw)′
−
w′
w
−
(
f ′
f
+
w′
w
)
−
α
w
]
w
]′
= −
1
w
[[
(fw)′′
(fw)′
+ 2
w′
w
+
f ′
f
+
α
w
]
w
]′
,
where in the penultimate step we used c′/c = (fw)′′/(fw)′ − w′/w.
Similarly,
ρK(x ,y) = i
(
c′
2c
(1 + i) + i
w′
w
)(
−
ι¯
w
)
+ i
(
c′
2c
(i− 1) + i
w′
w
)(
−
ι¯
w
)
+ i
[(
f ′
2f
+
w′
2w
)
(1 + i) + i
α
w
−
w′
w
](
−
ι¯
w
)
+ i
[(
f ′
2f
+
w′
2w
)
(i− 1) +
w′
w
](
−
ι¯
w
)
+
i
2
(−dydx log |ι¯|+ idydy log |ι¯|) +
i
2
(dxdy log |ι¯|+ idxdx log |ι¯|)
=
[
−
c′
c
− 2
w′
w
−
(
f ′
f
+
w′
w
)
−
α
w
](
−
ι¯
w
)
−
1
2
(dxdx + dydy ) log |ι¯|
=
[
(fw)′′
(fw)′
+ 2
w′
w
+
f ′
f
+
α
w
]
ι¯
w
−
1
2
(dxdx + dydy ) log |ι¯|,
where we have used the fact that d[x ,y ] log |ι¯| = ι¯w
−1dk+tι¯ = 0.
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Note also that ρK(H,V) = 0, since dkˆ, dtˆ, dτ ∧ kˆ, dτ ∧ tˆ all vanish on a pair
of fields one from each of these distributions, whereas cancellations occur for
the terms involving xˆ , yˆ as in the proof of Theorem 1.
The last two computations for ρK are of course just the Ricci curva-
ture values RicK(x ,x ) = RicK(y ,y) and RicK(k,k) = RicK(t, t), which
we now compare with gK(x ,x ) = gK(y ,y) and gK(k,k) = gK(t, t). Let-
ting L = (fw)
′′
(fw)′ + 2
w′
w +
f ′
f +
α
w , the x ,x equation easily yields L =
w
2ι¯
(
d2
x
+ d2
y
)
log |ι¯| − λf , which, substituted into the k,k equation yields
after τ -integration −w
2
2ι¯
(
d2
x
+ d2
y
)
log |ι¯| = λC for a constant of integration C.
But w
2
2ι¯
(
d2
x
+ d2
y
)
log |ι¯| = 12ι¯
(
d2
x¯
+ d2
y¯
)
log |ι¯|, so that a Ka¨hler-Einstein metric
is obtained precisely when both (22) and the ODE (23) hold.
This completes the proof of Theorem 2.
4.3. Examples. First, if ι¯ is constant, Equation (22) is satisfied with C = 0.
The following choices of f and w satisfy the ODE (23) with C = 0, and the
inequalities (21) for some region of τ values, and thus yield a Ka¨hler-Einstein
metric given an appropriate Riemannian 3-manifold N , satisfying (18) and
(20) with a specified value α and ι¯ a negative. Examples of such 3-manifolds
appearing in [AM, Sec. 9] are the 3-sphere with the standard metric and R3
with the truncated pp-wave metric, both having a global frame satisfying (20).
• Vanishing α. If α = 0, choose f = 1 and w(τ) = (3(a1p(τ) + a2))
1/3,
where
p(τ) =
{
e−λτ
−λ if λ 6= 0
τ if λ = 0.
The choice of constants a1, a2 is dictated by the requirements a1 6= 0,
a1p(τ) + a2 > 0 (so w > 0) and a1p
′(τ) > 0 (so (fw)′ > 0). If λ < 0
these can be satisfied for all values of τ , but for λ = 0 or λ > 0 only in
a subinterval of τ -values. By computing curvatures of gK one can show
that it is not, in general, of constant sectional curvature. In the next
subsection we give a result on completeness for one of these metrics.
• Negative α. If α < 0 and λ = 0, choose f(τ) = τ−(1+α/2) and w(τ) =
τ , limited to the range τ > 0. A computation of sectional curvatures
indicates these Ricci flat Ka¨hler metrics are in fact flat.
• α = −2. If α = −2 and λ = 0, choose f = 1, w(τ) = − tan(x(τ)) where
x(τ) solves x(τ) = τ + tan(x(τ)).
We describe the third example in more detail, as it yields a Ricci flat
Ka¨hler metric on S3 × I for an open interval I. First, by the implicit
function theorem the zero level set of h(τ, x) = τ + tan x − x is given
locally as a function τ → x(τ) near points (τ, x) for which x 6= 2πk. It
is easy to calculate that (τ0, x0) = (1 − π/4,−π/4) lies in this level set
and x′(τ) = − cot2(x(τ)) wherever x(τ) is defined and τ 6= kπ.
With this one checks that f = 1, w(τ) = − tan(x(τ)) solve the
ODE (23), and near (τ0, x0), w(τ) > 0. Furthermore w
′(τ) =
− sec2(x(τ))x′(τ) = sec2(x(τ)) cot2(x(τ)) = csc2(x(τ)) > 0 so that near
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(τ0, x0), (fw)
′ > 0, and the Ricci flat Ka¨hler metric is defined as stated
on S3 × I, for an appropriate interval I near τ0.
This metric is not flat: applying our covariant derivative formulas
one computes that
KK(x ,y) = −
1
f
[(
f ′
f
+
w′
w
)(
w′
(fw)′
+ 1
)
+
α
w
]
,
which for f = 1 and α = −2 becomes
KK(x ,y) =
2
w
(w′ − 1),
which is clearly nonzero near τ0 for w
′ as above.
If ι¯ is nonconstant, equation (22) has, of course, solutions (see the examples
in section 3) for various values of C. Then in the ODE (23) one can combine
the term involving C with that containing α, and then solve just as in the case
where C = 0.
4.4. Completeness. As shown at the end of Section 9.5 in [AM], the induced
Ka¨hler metric of any admissible Lorentzian warped product can be written in
the form gK = ds
2 + gs, where s is a certain function of τ , namely
∫√
c/2dτ ,
and gs is a metric on N . As mentioned there, if N is compact such manifolds
are complete whenever (inf s, sup s) = R. Even if this does not hold, boundary
conditions ensuring completeness are well-studied in many cases, such as for
cohomogeneity one metrics (cf. [DW1], [DW2]).
The metrics gs, still written via the variable τ , have the form 2c(w
ˆ¯
k)2 −
fw−1ι¯g
∣∣
H
= 2c(wˆ¯k)2− fwι¯g¯
∣∣
H
(with the usual meaning of a hatted quantity).
For the particular case of the metrics of Theorem 2, recall that k¯ is in fact
Killing, and consider the metric on the two-dimensional quotient space that
pulls back to ι¯g¯
∣∣
H
. Since the projection of the Lie bracket [x¯ , y¯ ] to H vanishes,
equation (22) is simply the requirement that the Gauss curvature of this quo-
tient metric is constant. In this way gK fits into a well-known ansatz on line
bundles over a Riemann surface equipped with a metric of constant Gaussian
curvature, where equation (23) represents the Ka¨hler-Einstein requirement on
the line bundle.
For such metrics completeness is well-studied, so we will mention just one
case. Let (N, g¯) be a compact Riemannian 3-manifold with a unit length vector
field k¯ satisfying the assumptions (18) in the beginning of this section (geodesic,
shear-free, with constant twist function ι¯ < 0). Assume also conditions (20)
hold with α = 0, so that the universal cover of N is R3. As a special case
of our first class of examples, set f(τ) = 1 and w(τ) = −(3e−λτ/λ)1/3 for
λ < 0 constant. Then by Theorem 2 N × R admits a Ka¨hler-Einstein metric
gK . We show first that it does not, in fact, have constant sectional curvature:
calculating with the covariant derivative formulas in subsection 4.1 with c =
(fw)′/w = w′/w one sees, for example that
KK(k, t) = −(c
′/c)′/c− 3c′/c− 2c, KK(x ,k) = −c
′/(2c) − c/2.
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Now c = −λ/3 so that KK(k, t) = 2λ/3 and KK(x ,k) = λ/6. In other words
these, and in fact, all frame plane distributions have constant sectional curva-
ture along the manifold, but comparing, say, the k, t frame plane to the x , k
one at a given point, their sectional curvature values differ.
On the other hand the integral over R of
√
c/2 is clearly infinite, so by the
result of [AM, subsection 9.5], the metric gK is complete.
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